
Chapter 5:
Value of Flexibility using Tractable Decision Rules



Limitations of exact methods
1. No guarantee that convergence will be achieved in a 

reasonable amount of time 
 
 
 
 

2. Cannot be applied to multi-stage problems

Solution time for a robust facility location problem
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Figure 5.1: Example of decision rules for simple inventory problem from chapter 4.1. Note
that the worst-case value over Z is the same whether we employ a complicated piecewise
linear function y

⇤ or a simpler a�ne function ỹ.

Definition 5.1. : Let each observation mapping vt : Rm ! R⌫ , the decision rule xt : R⌫ !
Rn is considered an a�ne decision rule if given any two observation vectors v̄1 2 R⌫ and
v̄1 2 R⌫ and any � 2 R, xt(·) has the property that

xt(�v̄1 + (1 � �)v̄2 = �xt(v̄1) + (1 � �)xt(v̄2) .

One can actually show that this is the case if and only if xt can be represented as

xt(v̄) := xt + Xtv̄

for some xt 2 Rn and Xt 2 Rn⇥⌫ .

The approximation scheme known under the name of A�nely Adjustable Robust Coun-
terpart (AARC) consists of replacing the ARC model with an optimization model that will
reduce its search to the space of a�ne decision rules. Namely, this scheme will seek the
optimal solution to the following model:

(AARC) (5.1a)

maximize
{xt}Tt=1,{Xt}Tt=2

inf
z2Z

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + Xtvt(z)) + d(z) (5.1b)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + Xtvt(z))  bj(z) , 8 z 2 Z , 8 j = 1, . . . , J,(5.1c)

where each decision rule xt(·) was replaced with its a�ne representation xt(v̄) := xt + Xtv̄,
and where the optimization is now made over the finite dimensional space spanned the set
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Definition 5.1. : Let each observation mapping vt : Rm ! R⌫ , the decision rule xt : R⌫ !
Rn is considered an a�ne decision rule if given any two observation vectors v̄1 2 R⌫ and
v̄1 2 R⌫ and any � 2 R, xt(·) has the property that

xt(�v̄1 + (1 � �)v̄2 = �xt(v̄1) + (1 � �)xt(v̄2) .

One can actually show that this is the case if and only if xt can be represented as

xt(v̄) := xt + Xtv̄

for some xt 2 Rn and Xt 2 Rn⇥⌫ .

The approximation scheme known under the name of A�nely Adjustable Robust Coun-
terpart (AARC) consists of replacing the ARC model with an optimization model that will
reduce its search to the space of a�ne decision rules. Namely, this scheme will seek the
optimal solution to the following model:

(AARC) (5.1a)

maximize
{xt}Tt=1,{Xt}Tt=2

inf
z2Z

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + Xtvt(z)) + d(z) (5.1b)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + Xtvt(z))  bj(z) , 8 z 2 Z , 8 j = 1, . . . , J,(5.1c)

where each decision rule xt(·) was replaced with its a�ne representation xt(v̄) := xt + Xtv̄,
and where the optimization is now made over the finite dimensional space spanned the set

We will therefore talk about approximation schemes, 
starting with linear decision rules:



Simple newsvendor example

<latexit sha1_base64="/AD17OeUuml19oWjQ0fEQsGq+u0="></latexit>

min
x2[0,2]

sup
z2[0,2]

min
y

0.5x+ y

s.t. y � x� z

y � z � x.

• Recall the inventory management problem:



Simple newsvendor example

• For any fixed ordering amount, what does the policy of 
y*(z) look like for different realizations of the demand?  

<latexit sha1_base64="mKLJwQD+WMNY3qDMNjDU9Jg0RWU="></latexit>

min
x2[0,2]

0.5x+ sup
z2[0,2]

min
y

y

s.t. y � x� z

y � z � x.

• Recall the inventory management problem:



Optimal recourse if
<latexit sha1_base64="CIwLfODwxJj7x10H47KDkzJ3Hfg=">AAACL3icbVDLSgMxFM34rOOr6tJNsCgudJgpvsCNKIJLBatCMwyZNK2hSWZMMuJ06Be58lPEhaggbv0L01rE14ELJ+fcS+49ccqZNr7/5AwNj4yOjZcm3Mmp6ZnZ8tz8mU4yRWiNJDxRFzHWlDNJa4YZTi9SRbGIOT2P2wc9//yaKs0SeWrylIYCtyRrMoKNlaLyIdJZGhUdxGTdX6uGXSSYjHK4gnZzhFwk4uSm0J7xun2lRa 9gsN6xztezsx54Ubnie34f8C8JBqQCBjiOyg+okZBMUGkIx1rXAz81YYGVYYTTrosyTVNM2rhF65ZKLKgOi/65XbhslQZsJsqWNLCvfp8osNA6F7HtFNhc6t9eT/zPq2emuRMWTKaZoZJ8ftTMODQJ7GUHG0xRYnhuCSaK2V0hucQKE2MTdl2bQvD75r/krOoFW97myUZlb3+QRwksgiWwCgKwDfbAETgGNUDALbgHz+DFuXMenVfn7bN1yBnMLIAfcN4/ANQpptA=</latexit>

sup
z2[0,2]

min
y

y

s.t. y � 1� z

y � z � 1.

<latexit sha1_base64="sQ6WQI8U3AXQ/hrEA8kv79Wtezo=">AAAB63icbVDLSgNBEOyNr7i+oh69DAbBU9gVXxch6MVjRPOAZAmzk9lkyMzsMjMrhiWf4ElQEK9+kSf/xkmyB00saCiquunuChPOtPG8b6ewtLyyulZcdzc2t7Z3Srt7DR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4c3Ebz5SpVksH8wooYHAfckiRrCx0v3Tld8tlb2KNwVaJH5OypCj1i19dXoxSQWVhnCsddv3EhNkWBlGOB27nVTTBJMh7tO2pRILqoNseuoYHVmlh6JY2ZIGTdXfExkWWo9EaDsFNgM9703E/7x2aqLLIGMySQ2VZLYoSjkyMZr8jXpMUWL4yBJMFLO3IjLAChNj03Fdm4I///MiaZxU/PPK2d1puXqd51GEAziEY/DhAqpwCzWoA4E+PMMrvDnCeXHenY9Za8HJZ/bhD5zPH16YjZg=</latexit>

x = 1



Optimal recourse if <latexit sha1_base64="sQ6WQI8U3AXQ/hrEA8kv79Wtezo=">AAAB63icbVDLSgNBEOyNr7i+oh69DAbBU9gVXxch6MVjRPOAZAmzk9lkyMzsMjMrhiWf4ElQEK9+kSf/xkmyB00saCiquunuChPOtPG8b6ewtLyyulZcdzc2t7Z3Srt7DR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4c3Ebz5SpVksH8wooYHAfckiRrCx0v3Tld8tlb2KNwVaJH5OypCj1i19dXoxSQWVhnCsddv3EhNkWBlGOB27nVTTBJMh7tO2pRILqoNseuoYHVmlh6JY2ZIGTdXfExkWWo9EaDsFNgM9703E/7x2aqLLIGMySQ2VZLYoSjkyMZr8jXpMUWL4yBJMFLO3IjLAChNj03Fdm4I///MiaZxU/PPK2d1puXqd51GEAziEY/DhAqpwCzWoA4E+PMMrvDnCeXHenY9Za8HJZ/bhD5zPH16YjZg=</latexit>

x = 1

<latexit sha1_base64="kNdGhf/QANlNiQUkDNfBWAEYhX8=">AAACPnicbVDLTtwwFHVoeTS8BrrsxuoIxAKiBJWHxAaVDUsqMYA0jiLHc2ewsJ3UdhCZKD/WFf/Aih0rJCpVbFnWE0ZVeRzJ0vE5915fnzQX3NgwvPUmPnycnJqe+eTPzs0vLLaWlk9MVmgGHZaJTJ+l1IDgCjqWWwFnuQYqUwGn6cXByD+9BG14po5tmUMs6UDxPmfUOilpHVekGVKlooAaE1PkSTUkXHXD9c24ronkKinxKt krCfGJTLOrygQ2qBtlAD9xtDF0zr/rcCMKklY7DMIG+C2JxqSNxjhKWjekl7FCgrJMUGO6UZjbuKLaciag9klhIKfsgg6g66iiEkxcNYvXeMUpPdzPtDvK4kb9v6Oi0phSpq5SUntuXnsj8T2vW9j+blxxlRcWFHt+qF8IbDM8ihL3uAZmRekIZZq7XTE7p5oy6wL3fZdC9PrPb8nJZhBtB1s/vrX3v4/zmEFf0Fe0hiK0g/bRITpCHcTQL3SHHtBv79q79/54j8+lE9645zN6Ae/pL0rNrZk=</latexit>

sup
z2[0,2]

min
y

y

s.t. y � 1� z

y � z � 1.



Optimal recourse if <latexit sha1_base64="sQ6WQI8U3AXQ/hrEA8kv79Wtezo=">AAAB63icbVDLSgNBEOyNr7i+oh69DAbBU9gVXxch6MVjRPOAZAmzk9lkyMzsMjMrhiWf4ElQEK9+kSf/xkmyB00saCiquunuChPOtPG8b6ewtLyyulZcdzc2t7Z3Srt7DR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4c3Ebz5SpVksH8wooYHAfckiRrCx0v3Tld8tlb2KNwVaJH5OypCj1i19dXoxSQWVhnCsddv3EhNkWBlGOB27nVTTBJMh7tO2pRILqoNseuoYHVmlh6JY2ZIGTdXfExkWWo9EaDsFNgM9703E/7x2aqLLIGMySQ2VZLYoSjkyMZr8jXpMUWL4yBJMFLO3IjLAChNj03Fdm4I///MiaZxU/PPK2d1puXqd51GEAziEY/DhAqpwCzWoA4E+PMMrvDnCeXHenY9Za8HJZ/bhD5zPH16YjZg=</latexit>

x = 1
<latexit sha1_base64="NsWKsh0oxgYMyOQzFE3SVtpA+cQ=">AAACNHicbVBdSxwxFM1Ytbq2um0ffQlKoWBZZgT7+SLqg/RJwVVhMy6Z7F03mEmmyZ3Cbpj/5EPxjwiCIFgQX/sPCmZ3fbDqhZDDOffc3JysUNJhHF9GEy8mp6ZfzszW5l69nl+ov3m770xpBTSFUcYeZtyBkhqaKFHBYWGB55mCg+xkc6gf/ALrpNF72C8gzfmxll0pOAaqXf/BXFm0/YBJ3Yo/rqYV++7ZaKzPVAkVZSbYM8 sF+GQlZqJjkA6qI88ybn2/WmE9juEeVFW7vhw34lHRpyC5B8vrW/9+bn799nunXT9nHSPKHDQKxZ1rJXGBqecWpVBQ1VjpoODihB9DK0DNc3CpHy1X0feB6dCuseFopCP2ocPz3Ll+noXOnGPPPdaG5HNaq8Tul9RLXZQIWowf6paKoqHDAGlHWhCo+gFwYWXYlYoeDwFhiLlWCykkj//8FOyvNpJPjbXdEMcGGdcMWSRL5ANJyGeyTrbJDmkSQU7JBbkmf6Kz6Cq6iW7HrRPRvecd+a+iv3eFHLAJ</latexit>

sup
z2[0,2]

ȳ+ŷzz }| {
1 + 0 · z



Optimal recourse if <latexit sha1_base64="ZRUb+5buWbqDQ30Jvju4buRHQxg=">AAAB7XicbVBNS8NAEJ3Urxq/qh69BIvgKSRi1YtQ9OKxgmkLbSib7aZdutkNuxuxhP4GT4KCePUHefLfuG1z0NYHA4/3ZpiZF6WMKu1531ZpZXVtfaO8aW9t7+zuVfYPmkpkEpMACyZkO0KKMMpJoKlmpJ1KgpKIkVY0up36rUciFRX8QY9TEiZowGlMMdJGCp6uPbfWq1Q915vBWSZ+QapQoNGrfHX7AmcJ4RozpFTH91Id5khqihmZ2N1MkRThERqQjqEcJUSF+ezYiXNilL4TC2mKa2em/p7IUaLUOIlMZ4L0UC16U/E/r5Pp+CrMKU8zTTieL4oz5mjhTD93+lQSrNnYEIQlNbc6eIgkwtrkY9smBX/x52XSPHP9C7d2f16t3xR5lOEIjuEUfLiEOtxBAwLAQOEZXuHNEtaL9W59zFtLVjFzCH9gff4AP12ODg==</latexit>

x = 0.5

<latexit sha1_base64="TNzb08/WiqZ/qL6X7dq1hSBAiQc=">AAACM3icbZDLSsQwFIZT79bbqEs3wUFxoaUVb+BGdKO7ERwVJqWkmcwYJklrkoqdMs/kyicRFyIoiFvfwcwF8XYg8PP953By/jjlTBvff3KGhkdGx8YnJt2p6ZnZudL8wrlOMkVolSQ8UZcx1pQzSauGGU4vU0WxiDm9iFtHXf/ihirNEnlm8pSGAjclazCCjUVR6QTpLI2KNmKy5q9vhh0kmIxyuIr2c4RcJOLkttCe8To90q TX0Pe2N9rW+wLtDYu8qFT2Pb9X8K8IBqIMBlWJSg+onpBMUGkIx1rXAj81YYGVYYTTjosyTVNMWrhJa1ZKLKgOi97JHbhiSR02EmWfNLBHv08UWGidi9h2Cmyu9G+vC//zaplp7IUFk2lmqCT9RY2MQ5PAbn6wzhQlhudWYKKY/SskV1hhYmzKrmtTCH7f/Fecb3rBjrd9ulU+OBzkMQGWwDJYAwHYBQfgGFRAFRBwBx7BC3h17p1n581577cOOYOZRfCjnI9P7wWnvA==</latexit>

sup
z2[0,2]

min
y

y

s.t. y � 0.5� z

y � z � 0.5.



Optimal recourse if <latexit sha1_base64="ZRUb+5buWbqDQ30Jvju4buRHQxg=">AAAB7XicbVBNS8NAEJ3Urxq/qh69BIvgKSRi1YtQ9OKxgmkLbSib7aZdutkNuxuxhP4GT4KCePUHefLfuG1z0NYHA4/3ZpiZF6WMKu1531ZpZXVtfaO8aW9t7+zuVfYPmkpkEpMACyZkO0KKMMpJoKlmpJ1KgpKIkVY0up36rUciFRX8QY9TEiZowGlMMdJGCp6uPbfWq1Q915vBWSZ+QapQoNGrfHX7AmcJ4RozpFTH91Id5khqihmZ2N1MkRThERqQjqEcJUSF+ezYiXNilL4TC2mKa2em/p7IUaLUOIlMZ4L0UC16U/E/r5Pp+CrMKU8zTTieL4oz5mjhTD93+lQSrNnYEIQlNbc6eIgkwtrkY9smBX/x52XSPHP9C7d2f16t3xR5lOEIjuEUfLiEOtxBAwLAQOEZXuHNEtaL9W59zFtLVjFzCH9gff4AP12ODg==</latexit>

x = 0.5

<latexit sha1_base64="UJkuxL1zSiYD7WbLpQkSdWZZGK0=">AAACQXicbZDPT9swFMcdfo0FBh077mJRgTiMKEEwJu2CtsuORaIUqY4ix30tVm0n2A5aGuVP48SfsNPOO03aJMSVC25aTRvsSZa++nzfs5+/aS64sWH43VtYXFpeebH60l9bf7Wx2Xq9dW6yQjPoskxk+iKlBgRX0LXcCrjINVCZCuil489Tv3cN2vBMndkyh1jSkeJDzqh1KGn1KtJcUqWigJqYIk+qCeGqH747iOuaSK6SEu +SjyUhPpFp9rUygQ3qhozgCofB0f7EeX/AZN+hIGm1wyBsCj8X0Vy00bw6SesbGWSskKAsE9SYfhTmNq6otpwJqH1SGMgpG9MR9J1UVIKJq2b3Gu84MsDDTLujLG7o3xMVlcaUMnWdktpL89Sbwv95/cIOP8QVV3lhQbHZQ8NCYJvhaZp4wDUwK0onKNPc7YrZJdWUWZe577sUoqd/fi7OD4LofXB0etg++TTPYxW9RdtoD0XoGJ2gL6iDuoihG/QD/UK/vVvvp3fn3c9aF7z5zBv0T3kPjxnHrls=</latexit>

sup
z2[0,2]

min
y

y

s.t. y � 0.5� z

y � z � 0.5.

<latexit sha1_base64="bVRkb8EnfDDQvVRxTasdqExyMYk=">AAACN3icbVBNS1wxFM2zWu30w7FdugmKULAM7wlqazeiLtwICh0VJs8hL3PHCeYlz+S+wkx4v8pu/B2uXBUsFLf+AMHMjIuqvXDJ4Zx7kpuTFUo6jOPraOLV5NTr6Zk3tbfv3n+Yrc99PHSmtAKawihjjzPuQEkNTZSo4LiwwPNMwVF2tj3Uj36CddLoH9gvIM35qZZdKTgGql3fY64s2n7ApG7FX1bSin33bHStz1QJFTPBnV kuwMeN1eXQTHQM0kF14lnGre9Xy6zHMZyDqmrXF+NGPCr6EiSPYHFz5/58+9vGr/12/Yp1jChz0CgUd66VxAWmnluUQkFVY6WDgoszfgqtADXPwaV+tF9FlwLToV1jQ2ukI/Zfh+e5c/08C5M5x557rg3J/2mtErtfUy91USJoMX6oWyqKhg4zpB1pQaDqB8CFlWFXKno8hIQh6VotpJA8//NLcLjSSNYaqwchji0yrhkyTxbIZ5KQdbJJdsk+aRJBLsg1uSF/osvod/Q3uh2PTkSPnk/kSUV3DzsksMw=</latexit>

sup
z2[0,2]

ȳ+ŷzz }| {
0.5 + 0.5 · z



Optimal recourse if

<latexit sha1_base64="NJ7jOwhRpILd9LZX1+v9Y1UHQ20=">AAACKXicbVDLSiQxFE2p46Od0VaXboIiCDpFldA+F4q6cOnAtAqdskml03YwlZTJLaG7qM9x5da/cCUqqFu/Q5h0t4vxcSDkcM49JPfEqRQWguDZGxgc+jE8MjpWGv/5a2KyPDV9ZHVmGK8yLbU5ianlUiheBQGSn6SG0ySW/Dg+3+v6x5fcWKHVX2inPEromRJNwSg4qV7eJjZL63mHCFULlleigmwR7QKxoYznoV/5HfgVwh oacKc4zUlMTd4ulkiLgrs7Rb08H/hBD/grCd/J/M7+28XexubNYb18TxqaZQlXwCS1thYGKUQ5NSCY5EWJZJanlJ3TM15zVNGE2yjvLVrgBac0cFMbdxTgnvp/IqeJte0kdpMJhZb97HXF77xaBs31KBcqzYAr1n+omUkMGndbww1hOAPZdoQyI9xfMWtR1xG4bksl10L4eeev5GjFD1f9yh9Xxy7qYxTNojm0iEK0hnbQATpEVcTQFbpFD+jRu/buvCfvpT864L1nZtAHeK//AGeFqjA=</latexit>

sup
z2[0,2]

ȳ+ŷzz }| {
1.5� 0.5 · z

<latexit sha1_base64="XTVQdDQUA5kqMD1yIN9K5rq3ehM=">AAACM3icbZDLSsQwFIZT79bbqEs3wUFxoaUVb+BGdKO7ERwVJqWkmcwYJklrkoqdMs/kyicRFyIoiFvfwcwF8XYg8PP953By/jjlTBvff3KGhkdGx8YnJt2p6ZnZudL8wrlOMkVolSQ8UZcx1pQzSauGGU4vU0WxiDm9iFtHXf/ihirNEnlm8pSGAjclazCCjUVR6QTpLI2KNmKy5q9vhh0kmIxyuIr2c4RcJOLkttCe8To90q TXMPC2N9rW+wLtDYu8qFT2Pb9X8K8IBqIMBlWJSg+onpBMUGkIx1rXAj81YYGVYYTTjosyTVNMWrhJa1ZKLKgOi97JHbhiSR02EmWfNLBHv08UWGidi9h2Cmyu9G+vC//zaplp7IUFk2lmqCT9RY2MQ5PAbn6wzhQlhudWYKKY/SskV1hhYmzKrmtTCH7f/Fecb3rBjrd9ulU+OBzkMQGWwDJYAwHYBQfgGFRAFRBwBx7BC3h17p1n581577cOOYOZRfCjnI9P8iinvg==</latexit>

sup
z2[0,2]

min
y

y

s.t. y � 1.5� z

y � z � 1.5.

<latexit sha1_base64="GFMPeVMYQuW3y+aZ8oMw6i3SGh8=">AAAB7XicbVBNS8NAEJ3Urxq/qh69BIvgKSRi1YtQ9OKxgmkLbSib7aZdutkNuxuxhP4GT4KCePUHefLfuG1z0NYHA4/3ZpiZF6WMKu1531ZpZXVtfaO8aW9t7+zuVfYPmkpkEpMACyZkO0KKMMpJoKlmpJ1KgpKIkVY0up36rUciFRX8QY9TEiZowGlMMdJGCp6ufbfWq1Q915vBWSZ+QapQoNGrfHX7AmcJ4RozpFTH91Id5khqihmZ2N1MkRThERqQjqEcJUSF+ezYiXNilL4TC2mKa2em/p7IUaLUOIlMZ4L0UC16U/E/r5Pp+CrMKU8zTTieL4oz5mjhTD93+lQSrNnYEIQlNbc6eIgkwtrkY9smBX/x52XSPHP9C7d2f16t3xR5lOEIjuEUfLiEOtxBAwLAQOEZXuHNEtaL9W59zFtLVjFzCH9gff4AQOSODw==</latexit>

x = 1.5



Affinely Adjustable Robust 
Counterpart Model
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Figure 5.1: Example of decision rules for simple inventory problem from chapter 4.1. Note
that the worst-case value over Z is the same whether we employ a complicated piecewise
linear function y

⇤ or a simpler a�ne function ỹ.

Definition 5.1. : Let each observation mapping vt : Rm ! R⌫ , the decision rule xt : R⌫ !
Rn is considered an a�ne decision rule if given any two observation vectors v̄1 2 R⌫ and
v̄1 2 R⌫ and any � 2 R, xt(·) has the property that

xt(�v̄1 + (1 � �)v̄2 = �xt(v̄1) + (1 � �)xt(v̄2) .

One can actually show that this is the case if and only if xt can be represented as

xt(v̄) := xt + Xtv̄

for some xt 2 Rn and Xt 2 Rn⇥⌫ .

The approximation scheme known under the name of A�nely Adjustable Robust Coun-
terpart (AARC) consists of replacing the ARC model with an optimization model that will
reduce its search to the space of a�ne decision rules. Namely, this scheme will seek the
optimal solution to the following model:

(AARC) (5.1a)

maximize
{xt}Tt=1,{Xt}Tt=2

inf
z2Z

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + Xtvt(z)) + d(z) (5.1b)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + Xtvt(z))  bj(z) , 8 z 2 Z , 8 j = 1, . . . , J,(5.1c)

where each decision rule xt(·) was replaced with its a�ne representation xt(v̄) := xt + Xtv̄,
and where the optimization is now made over the finite dimensional space spanned the set
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might be easily described as

maximize
{xt}Tt=1

TX

t=1

c
T
t xt + d

subject to
TX

t=1

a
T
jtxt  bj , 8 j = 1, . . . , J,

where each xt 2 Rn (without loss of generality), the situation is more complicated
whens uncertainty is inserted. Instead, one must consider the following multi-stage
adjustable robust counterpart formulation

(Multi-Stage ARC)

maximize
x1,{xt(·)}Tt=2

inf
z2Z

c1(z)
T
x1 +

TX

t=2

ct(z)
T
xt(vt(z)) + d(z) (4.8a)

subject to aj1(z)
T
x1 +

TX

t=2

ajt(z)
T
xt(vt(z))  bj(z) , 8 z 2 Z , 8 j = 1, . . . , J,(4.8b)

where vt : Rm
! R⌫ is a function that describes what is observed of z at time t, xt

is a mapping from the space of observations R⌫ to Rn. The fact that each xt is not a
vector any more but rather a mapping is important as it enables the decision to react
di↵erently depending on the realized observation. Of course, this flexibility comes at
the price of significant computational challenges.

Example 4.1. : Considering the general inventory problem presented in section 4.1,
namely the following optimization problem

minimize
xt,s

+
t ,s�t

X

t

ctxt + hts
+
t + bts

�
t

subject to s
+
t � 0, s�

t � 0

s
+
t � y1 +

tX

t0=1

xt0 � dt0

s
�
t � �y1 +

tX

t0=1

dt0 � xt0

0  xt  M ,

three questions clearly arise:

1. What is the source of uncertainty in this problem? Namely, the vector z which
perfect knowledge would reduce the problem to a deterministic one where we can
predict every outcome

AARC:

Multi-stage ARC:





Inventory problem
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by d 2 U ⇢ Rm), we recall formulating the multi-stage adjustable robust counterpart as
follows:

minimize
x1,{xt(·)}Tt=2,{s+t (·),s�t (·)}Tt=1

sup
d2U

c1x1 +
X

t

ctxt(d[t�1]) + hts
+
t (d) + bts

�
t (d)

subject to s
+
t (d) � 0, s

�
t (d) � 0 , 8 d 2 U , 8 t

s
+
t (d) � y1 +

tX

t0=1

xt0(d[t0�1]) � dt0 , 8 d 2 U , 8 t

s
�
t � �y1 +

tX

t0=1

dt0 � xt0(d[t0�1]) , 8 d 2 U , 8 t

0  xt(d[t0�1])  M , 8 d 2 U , 8 t .

One can observe that this ARC model satisfies assumption 5.2. Namely, that 1) the recourse
is fixed as portrayed by the fact that all xt are only multiplied to coe�cients that are certain;
and 2) that the observations are a linear function of the uncertain vector d. Indeed, regarding
the later, we can verify that

d[t0�1] = [
It�1 0t,T�t+1

0T�t⇥t�1 0T�t⇥T�t
]d =

⇥
d1 . . . dt�1

⇤
.

The a�nely adjustable robust counterpart of this inventory model can be presented as

minimize
x1, {xt, Xt}Tt=2,

{s+t , S+
t }Tt=1, {s�t , S�

t }Tt=1

sup
d2U

c1x1 +
X

t

ct(xt + XtVtd) + ht(s
+
t + S

+
t d) + bt(s

�
t + S

�
t d)

subject to s
+
t + S

+
t d � 0, s

�
t + S

�
t d � 0 , 8 d 2 U , 8 t

s
+
t + S

+
t d � y1 +

tX

t0=1

xt0 + Xt0Vt0d � dt0 , 8 d 2 U , 8 t

s
�
t + S

�
t d � �y1 +

tX

t0=1

dt0 � (xt0 + Xt0Vt0d) , 8 d 2 U , 8 t

0  xt + XtVtd  M , 8 d 2 U , 8 t ,

where each Xt 2 R1⇥m, S
+
t 2 R1⇥m, S

�
t 2 R1⇥m, and where Vt := [

It�1 0t,T�t+1

0T�t⇥t�1 0T�t⇥T�t
]

such that Vtd =
⇥

d1 . . . dt�1 0 . . . 0
⇤
. Note that the size of this AARC model could

be reduced by accounting for the fact that the observation vector vt is smaller for smaller
t. For simplicity of presentation, we choose to leave it this way as we understand that some
terms of Xt will always be multiplied to zero and can therefore be set arbitrarily.

Here is how this is implemented in Matlab using ROME. Note how the linear decision rules
are defined using the command “linearrule” with an argument that refers to the uncertain
variable that is observed.

Remark 5.5. : Note that the most famous example of linear observation mapping is simply
the one that reveals at each period an additional subset of the terms in z. This is often

Let’s implement this model in RSOME !

https://colab.research.google.com/drive/1hA9kXvuv11xLvCXQoWxPNp_nwka2MAu2?usp=sharing


Implementation in RSOME

observations

https://colab.research.google.com/drive/11pkdwbByF-Ihw0TDRAon_yKIxpNuBrC_?usp=sharing


Application to Inventory 
Management Problem

• At time t=2, we wish the order to be proportional to 
how much the demand deviated from the nominal 
value with different rates if deviation is positive or 
negative
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Management Problem

• At time t=2, 
 

• At time t=3, 
 
 
… 

• At time t=T,
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Lifted AARC model

• When z is progressively revealed, we obtain: 
 
 
 
 
 
where  
 
 
but this lifted uncertainty set is not convex.
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Specifically, we would be interested in solving the Lifted AARC model

(LAARC)

maximize
{xt}Tt=1,{X+

t ,X�
t }Tt=2

inf
(z,z+,z�)2Z0

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�) + d(z)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�)  bj(z) , 8 (z, z
+
, z

�) 2 Z 0
, 8 j = 1, . . . , J,

The di�culty that now arises is that Z 0 is not a convex polyhedron so that a constraint such
that

a
T
j1x1 +

TX

t=1

ajt(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�)  bj(z) , 8 (z, z
+
, z

�) 2 Z 0

cannot be reformulated through a direct application of duality theory for LPs.
One promising direction for tractable solution comes from considering the following the-

orem.

Theorem 5.7. : The Lifted AARC model is equivalent to

maximize
{xt}Tt=1,{X+

t ,X�
t }Tt=2

inf
(z,z+,z�)2Z00

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�) + d(z) (5.3a)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�)  bj(z) , 8 (z, z
+
, z

�) 2 Z 00
, 8 j = 1, . . . , J,(5.3b)

where Z 00 := ConvexHull(Z 0). Therefore, if the convex hull of Z 0 can be described with a
finite number of linear constraints then the Lifted AARC model can be solved e↵ectively.

Proof. The proof simply relies on the fact that since Z 00 ◆ Z 0, any feasible solution of problem
(5.3) is necessarily feasible for the LAARC model. Alternatively, since the functions involved
in each constraint are linear in (z, z

+
, z

�), if we take a feasible solution to LAARC and verify
feasibility in problem (5.3), it is necessarily the case that there is a worst-case realization for
each constraint that occurs at one of the vertices of Z 00 which by construction were members
of Z 0. This indicates that any feasible solution of LAARC is also feasible in problem (5.3).
Hence, the feasible sets of both problems are equivalent. Furthermore, a similar argument,
based on the linearity of functions involved, can be used to establish that both objective
function are equivalent. We can thus conclude that the set of optimal solutions and the
optimal value of both problems are therefore equivalent. ⇤

This result informs us that one might be able to obtain a tractable reformulation of the
LAARC model if he can identify a good representation for the convex hull of Z 0. In this
regard, the following proposition might come in handy.

Proposition 5.8. : Let Z ✓ [�M, M ]m for some M > 0. Then, the uncertainty set Z 0 can
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over the z space is equal to Z, namely Z = {z 2 Rm | 9ẑ, (ẑ, z) 2 U}. It is then possible to
modelled the progressively revealed measurements using

Vt :=


I(t�1)m0⇥(t�1)m0 0(t�1)m0⇥(T�t)m0 0(t�1)m0⇥m

0(T�t)m0⇥(t�1)m0 0(T�t)m0⇥(T�t)m0 0(T�t)m0⇥m

�
,

such that vt([ẑT
z

T ]T ) := Vt[ẑT
z

T ]T = ẑ[t�1].

5.2 Piecewise a�ne decision rules through lifting the uncer-

tainty set

Considering that the application of a�ne decision rules will generate sub-optimal policies
compared to fully-adjustable ones, one might be tempted to investigate whether it is possible
to obtain tighter conservative approximation by employing more sophisticated (yet tractable)
decision rules, in particular nonlinear ones. We will see how this can actually be achieved
for piecewise a�ne decision rules by employing a�ne decision rules on a lifted version of the
uncertainty set.

Example 5.6. : In inventory problems, it is well-known that a base stock policy is a simple
policy that can be very e↵ective. Indeed, such a policy takes the form xt(d[t�1]; yt; ✓t) :=
max(0, ✓t � yt�1 + dt�1), where yt captures the inventory at the previous time step and ✓t

captures the base stock level that needs to be reached before encountering the demand at
step t. Given a set of base stock levels, once we replace yt by its definition in terms of
previous demand and let y1 = 0, we obtain for instance that the base stock policy for t = 2
is represented as x2(d1) := max(0; ✓2 � ✓1 + d1) while at step t = 3 we get x3(d1, d2) :=
max(0; ✓3 � max(✓1 + d1 + d2 ; ✓2 + d2)). Observe that these policies are not a�ne but rather
piecewise a�ne in (d1, d2).

The above example motivates the use a class of piecewise a�ne policies described as

xt(vt(z); ) := x̄t + X̄tvt(z) +
⌫X

k=1

✓
+
tk max(0; vtk(z)) + ✓

�
tk max(0; �vtk(z))

where vtk(z) captures the k-th observation in z. Without loss of generality we can assume
that each vtk(z) = zi(k) for some mapping i : N ! N. Under such assumption, a piecewise
a�ne decision rule can be expressed as

xt(vt(z); x̄t, X̄
+
t , X̄

�
t ) := x̄t + X̄

+
t Vtz

+ + X̄
�
t Vtz

�
,

where z
+
i := max(0; zi) and z

�
i := max(0; �zi), and where we omit to include the adjustment

XtVtz since it can be replicated as : XtVtz
+�XtVtz

�. In this formulation, one can notice that
the policy is actually a�ne with respect to the vector [zT

z
+T

z
�T ]. Hence, we can establish

that optimizing such piecewise a�ne policies is equivalent to applying a�ne policies to the
lifted uncertainty set

Z 0 := {(z, z
+
, z

�) 2 R3m | z 2 Z, z
+
i = max(0; zi), z

�
i = max(0; �zi), 8 i = 1, . . . , m} .

• In order to reduce conservativeness, one can attempt to 
use piecewise linear decision rules:

<latexit sha1_base64="gKSRJx9s4KViristUzA5DFdiZp4="></latexit>

xt(vt(z)) := x̄t +
⌫X

k=1

✓+tk max(0, vtk(z)) + ✓�tk max(0, �vtk(z))



Convexification of LAARC

• This result exploits the fact that with linear functions 
there is always a worst-case solution on one of the 
vertices of the uncertainty set (see Exercise 2.1). 
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Specifically, we would be interested in solving the Lifted AARC model

(LAARC)

maximize
{xt}Tt=1,{X+

t ,X�
t }Tt=2

inf
(z,z+,z�)2Z0

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�) + d(z)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�)  bj(z) , 8 (z, z
+
, z

�) 2 Z 0
, 8 j = 1, . . . , J,

The di�culty that now arises is that Z 0 is not a convex polyhedron so that a constraint such
that

a
T
j1x1 +

TX

t=1

ajt(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�)  bj(z) , 8 (z, z
+
, z

�) 2 Z 0

cannot be reformulated through a direct application of duality theory for LPs.
One promising direction for tractable solution comes from considering the following the-

orem.

Theorem 5.7. : The Lifted AARC model is equivalent to

maximize
{xt}Tt=1,{X+

t ,X�
t }Tt=2

inf
(z,z+,z�)2Z00

c1(z)T
x1 +

TX

t=1

ct(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�) + d(z) (5.3a)

subject to a
T
j1x1 +

TX

t=1

ajt(z)T (xt + X
+
t Vtz

+ + X
�
t Vtz

�)  bj(z) , 8 (z, z
+
, z

�) 2 Z 00
, 8 j = 1, . . . , J,(5.3b)

where Z 00 := ConvexHull(Z 0). Therefore, if the convex hull of Z 0 can be described with a
finite number of linear constraints then the Lifted AARC model can be solved e↵ectively.

Proof. The proof simply relies on the fact that since Z 00 ◆ Z 0, any feasible solution of problem
(5.3) is necessarily feasible for the LAARC model. Alternatively, since the functions involved
in each constraint are linear in (z, z

+
, z

�), if we take a feasible solution to LAARC and verify
feasibility in problem (5.3), it is necessarily the case that there is a worst-case realization for
each constraint that occurs at one of the vertices of Z 00 which by construction were members
of Z 0. This indicates that any feasible solution of LAARC is also feasible in problem (5.3).
Hence, the feasible sets of both problems are equivalent. Furthermore, a similar argument,
based on the linearity of functions involved, can be used to establish that both objective
function are equivalent. We can thus conclude that the set of optimal solutions and the
optimal value of both problems are therefore equivalent. ⇤

This result informs us that one might be able to obtain a tractable reformulation of the
LAARC model if he can identify a good representation for the convex hull of Z 0. In this
regard, the following proposition might come in handy.

Proposition 5.8. : Let Z ✓ [�M, M ]m for some M > 0. Then, the uncertainty set Z 0 can



Convex Hull is Representable 
for Budgeted Uncertainty Set
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Proposition 5.10. : Let Z be the budgeted uncertainty set. Then the uncertainty set
ConvexHull(Z 0) can be represented using the following tractable form

ConvexHull(Z 0) =

8
>>>><

>>>>:

(z, z
+
, z

�) 2 R3m

����������

z
+ + z

�  1Pm
i=1 z

+
i + z

�
i  �

z = z
+ � z

�

0  z
+

0  z
�

9
>>>>=

>>>>;

.

Proof. Let Z 0
2 be the set described in the proposition. First, we work on simplifying the

representation of Z 0 expressed in proposition 5.8 when using the budgeted uncertainty set.
Indeed, we have that

Z 0 =

8
>>>>>><

>>>>>>:

(z, z
+
, z

�) 2 R3m

������������

9u
+ 2 {0, 1}m

, u
� 2 {0, 1}m

,

kzk1  1
kzk1  �

z = z
+ � z

�

0  z
+  u

+

0  z
�  u

�

u
+ + u

� = 1

9
>>>>>>=

>>>>>>;

=

8
>>>>>><

>>>>>>:

(z, z
+
, z

�) 2 R3m

������������

9u
+ 2 {0, 1}m

, u
� 2 {0, 1}m

,

z
+ + z

�  1Pm
i=1 z

+
i + z

�
i  �

z = z
+ � z

�

0  z
+  u

+

0  z
�  u

�

u
+ + u

� = 1

9
>>>>>>=

>>>>>>;

.

Based on this representation, it is clear that Z 0 ✓ Z 0
2 since Z 0 has additional constraint. It

is also clear that ConvexHull(Z 0) ✓ Z 0
2 since Z 0

2 is convex. We are left with demonstrating
that Z 0

2 ✓ ConvexHull(Z 0).
Given that a convex hull can be defined has the intersection of all the half spaces described

by the supporting hyperplanes of the points that are covered, we can confirm that Z 0
2 is

confirmed in any such constructed half spaces to conclude that Z 0
2 ✓ ConvexHull(Z 0). For

any direction defined by (c, c+
, c

�) we can identify a supporting half space as all triplets
(z, z

+
, z

�) such that

c
T
z

T + c
+T

z
+ + c

�T
z

�  � ,

with
� = sup

(z,z+,z�)2Z0
c
T
z

T + c
+T

z
+ + c

�T
z

�
.

To show that Z
0
2 is in this half space, we need to demonstrate that the optimal value of

maximize
z,z+,z�

c
T
z

T + c
+T

z
+ + c

�T
z

�

subject to z
+ + z

�  1
mX

i=1

z
+
i + z

�
i  �

z = z
+ � z

�

z
+ � 0, z

� � 0 ,
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This leads to the following Lifted AARC.

minimize
x1, {xt, X

+
t , , X�

t }Tt=2,
{rt, R

+
t , R�

t }Tt=1,
{st, S

+
t , S�

t }Tt=1

sup(z+,z�)2Z0 c1x1 +
P

t ct(xt + X
+
t z

+
[t�1] + X

�
t z

�
[t�1])

+ht(rt + R
+
t z

+ + R
�
t z

�) + bt(st + S
+
t z

+
S

�
t z

�)

subject to rt + R
+
t z

+ + R
�
t z

� � 0, st + S
+
t z

+
S

�
t z

� � 0 , 8 (z+
, z

�) 2 Z 0
, 8 t

rt + R
+
t z

+ + R
�
t z

� � y1 +
tX

t0=1

xt + X
+
t z

+
[t�1] + X

�
t z

�
[t�1] � dt0(z

+
, z

�) , 8 (z+
, z

�) 2 Z 0
, 8 t

st + S
+
t z

+
S

�
t z

� � �y1 +
tX

t0=1

dt0(z+, z�) � (xt + X
+
t z

+
[t�1] + X

�
t z

�
[t�1]) , 8 (z+

, z
�) 2 Z 0

, 8 t

0  xt + X
+
t z

+
[t�1] + X

�
t z

�
[t�1]  M , 8 (z+

, z
�) 2 Z 0

, 8 t ,

where dt(z+
, z

�) := d̄j + d̂j(z
+
j � z

�
j ) and where

Z 0 := {(z+
, z

�) 2 R2m | z+ � 0, z
� � 0, z

+ + z
�  1,

X

i

z
+
i + z

�
i  �} .

This is implemented in ROME using the following set of code.

5.3 Exercises : Facility Location Problem II

Exercise 5.1. Implementing AARC

Implement an AARC approach to the following facility location problem.

maximize
x,y

�
X

i

cixi +
X

j

X

i

(rij � dij)yij

subject to
X

i

yij  Dj

X

j

yij  Pixi

yij � 0

xi 2 {0, 1}n

when the Dj ’s are known to be in the set {D 2 Rm | 9z 2 Z, Dj = D̄j + D̂jzj} with Z as the
budgeted uncertainty set.

Exercise 5.2. Implementing Lifted AARC

Implement an AARC approach to the facility location problem in exercise 5.1 after lifting
the uncertainty to the space

(z, z
+
, z

�) 2 {(z, z
+
, z

�) 2 Rm⇥Rm⇥Rm | z = z+�z�, z
+ � 0, z

� � 0, z
++z

�  1,

X

i

z
+
i +z

�
i  �} ,

in order to produce policies which are piecewise a�ne such as yij(z) := ȳij+
Pm

k=1 Ȳ
+
ijk max(0; zk)+

Ȳ
�
ijk max(0; �zk).
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min. x1, {xt, X
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Implementation in RSOME

https://colab.research.google.com/drive/11pkdwbByF-Ihw0TDRAon_yKIxpNuBrC_?usp=sharing

