Distributionally Robust
Optimization



Stochastic Programming

* Consider the following stochastic program:

maxir)?ize Elgo(x, Z) (8.1a)
S ' '

subject to  Elg;(z,2)] <b;,Vi=1,...,J (8.1b)

* This model is quite flexible: bounds on probabillity,
expected utility models, risk measures, etc.

 DRO questions the assumption that the distribution
of Z is known



clisberg’'s urn game

Consider a game in which two urns are presented to you

Urn #1 has an equal amount of blue and red balls inside
Urn #2 also has red and blue balls but of unknown proportion

You are asked to choose between urn #1 & #2.

| will draw a ball from the chosen urn

* |f you chose urn #1 and a red ball is drawn, you win 1000$
* |f you chose urn #2 and a red ball is drawn, you win 1100$

What wot

A strict preference for urn #1
demonstrates ambiguity aversion




Distributionally Robust
Optimization

* Assume that one only knows that ' & D

« E.g. 1: normal distrib. with mean and covariance in some confidence region
 E.g. 2: distribution supported on some region with known mean

* Instead of maximizing expected value, maximize the worst-case
expected value (similarly for constraints)

maximize ;’Ielg) £ rlgo(x, Z)] (8.2a)
subject to  Eplgi(x,2)| <b;,Vi=1,...,J, VFeD. (8.2b)

* |n this chapter, we focus on :

minimize  sup E g|h(x, &)], (8.3a)
TEX FeD




Scenario based
moaels



Scenario based models

e An alternative to moment based models consists of using predefined

scenarios: L 1 9 K
Z={z,z25..., 2"}

e The DRO model takes the form:

minimize sup E prh(z, 2"

 Pros : If all scenarios are covered, then DRO model can be
asymptotically consistent in data-driven context (see Bayraksan & Love
[5] for survey)

Sup Zpkh x, 2" > Elh(x,§)]

peld({€} M) 11 M =00

e Cons: If some scenarios are missing, then there is no protection against
them



Moment based
models



Mean and support models

e \We would like to solve:

minimize  sup E p|h(z, &)], (8.3a)
rekX FeD

where the distribution set takes the form

D(Z,p)=sFeM Iz(éf:‘i):l} |

 E.g.: Markov inequality

(1 it 4> a
Pl > a) < su El11€ > at| = « -
(§=>a) < FGD([OPOO[,M) 1§ = aj] \ un/a  otherwise.




Semi-infinite linear
orogramming duality

e [he worst-case expected value problem looks like:

ma;ceif\n/lize /Zh(x,ﬁ)dF(g) (8.4a)
subject to / dF(&) =1 (8.4b)
z
[ car©) = p (8.4c)

« Duality theory for semi-infinite linear program states that if there exists a
feasible distribution then dual problem is equivalent:

minimize  plq -+ (8.5a)
r7q

subject to  z'g+7r > h(z,2),V2 € Z, (8.5b)



The main reformulation

Theorem 8.6. : Let D(Z, 1) be a distribution set for which there exists a feasible so-
lution Fy € D(Z, 1), the DRO problem presented in (8.3) is equivalent to the following
robust optimization problem:

minimize  sup h(z, z) + (u — 2)"q. (8.11)
TEX,q 2€EZ

Moreover, the problem can be reformulated as follows when Z is a convex set and
h(z, z) := maxy hi(x, 2) where each hi(x, z) is a concave function of z:

minimize t+ulq
SIJEX,Q,{Uk}k,t

subject to  t > 6* (v, | Z) — hF(z, v +q), VE

where for each k, v, € R™, while 6*(v|Z) is the support function of Z and h*(z,v) is
the partial concave conjugate function of hi(zx, z).



Example : Generalizeo
Markov Inequality

Consider trying to bound the following probability with
respect to probabillities supported in the non-negative
orthant with a mean of @ with I/ as a convex set:

P& elUd)
Based on Theorem 8.6, this can be measured using:

minimize t + ¢’ v
t,q,w

subject to t > 0" (w|U) + 1
t >0
q = —w
q =0



Some Intuition about the
worst-case distribution

* We showed that the worst-case expected value problem is equivalent to:

minimize  p'q+r (8.5a)
rq
subject to  z'q+1r > h(x,2),Vz € Z, (8.5b)

e For finite dimensional LP, it is well known that only m+1 constraints are
needed to get an optimal solution

+ There should therefore existaset 2" 1= {20, 25, . 200 )
for which 8.5 becomes equivalent to

minimize ~ p'Qq4+r (8.7a)
r,qg

subject to  !''q+r & h(x,z),$z! Z , (8.7b)



Some Intuition about the
worst-case distribution

e The finite dimensional LP

minimize
rg
subject to

u' g+ r

ITg+r & h(x,z),$z! Z°,

'S equivalent to

maximize
p! Rm+1

subject to

m+l

|i =1

ph(x, z;)

(8.7a)
(8.7h)

(8.8a)

(8.8b)

(8.8¢)



Some Intuition about the
worst-case distribution

Theorem 8.2.

 Let Z ! R™ be a Borel set, and~y be some feasible distribution ac-

cording toD(Z, u), then problem(8.4) is equivalent to the following Pnite dimensional

optimization problem

maximize
pl{zi}mt

subject to

wherep! R™?! and eachz; ! R™.

m+1

pih(x, z) (8.9a)
=1
m+l

pi=1& p" 0O (8.9b)
=1
m+1

PiZzi = U (8.9¢)
=1
z! Z,#1=1,..., m+1 (8.9d)



Example : Mean-variance models

Example 8.7. : Consider that" is a random variable known to have a meap, and
a variance ofE[(" ! H)?] = #2. This gives rise to the following DRO problem :

minimize  sup Eg[h(x,")],
X! X FI D(w!2)

where
D(W, #%) = {F|P(" %R)=1, E["]= W, E[("! W)’ = #°} .

* Applying Theorem 8.6 we get:

minimize suph(x, z;) + (| z)o + (#2! (z! Wi
X"X.q"R? 7" R

* If h(x,z) is bounded below this reduces to:

NEr

minimize  suph(x,z1) +{(! z)a + (#°! (z1!
x! X,dq1,92" 0 z1"R . .

concave in z1



Example: Support-mean-
bounded covariance model

Example 8.8. : Consider that one has information about the supporZ, the mean
1, and an upper bound on the second order moment matrix of the type[!! '] ! |
whereA ! B refers to the fact thatB " A is positive semi-debnite, i.ez'(B" A)z# 0

for all z$ R™. This gives rise to the following DRO problem :

minimize sup Eg[h(x,!)],
x! X FID(Z,u!)

where
D(Z,u,!')={F|P(1 $Z)=1, E[!]=, E[1 ]! 1}.

e Solution:

minimize suph(x,z)+(pn! z)'g+! ¥Q! z'Qz
x! X,0,0" 0 2717

o See Wiesemann et al. [42] for many more moment models



Accounting for moment
uncertainty

e Data-driven moment estimation leads to moment uncertainty

 DRO problem might instead take the form:

minimize sup  Eg[h(x, 2)]. (8.13a)
x! X W U,F! D(Z.p)

Corollary 8.9. : Let D(Z,u) be a distribution set andU ! R™ be a bounded uncer:
tainty set for the moment vectoru. Given that there exists a feasible paiflg, Fo) for
whichp ! UandFy! D(Z, o), the DRO problem presented in8.13) is equivalent

to the following robust optimization problem:

minimize  suph(x, z) " z'g+ ! (q|V)] (8.14a)
x! X.q 2! Z



Mean-Covariance Uncertainty

Example 8.10. : In [24], the authors explain how independently and identically di
tributed samples{!;}M, from F can be used to construct the following uncertain
set: ! %
" P!'! Z)=1 &
D(Z2,8,P,"1,"2)= ,F! M §(E[!]" @) o HEL]" @) # "y

E[C" @('" @)T]$ (1+")0

 [he parameters can be chosen such that this set has
high probability of containing the true distribution

minimize suph(x,z)! z'q! z'Qz
x! X,0Q0" 0 717

+((1+ 1,)00 fp" ) ¥Q+ @ g+ T HOYZ(q+2Qp)#

We will exploit : 1 ([v{ Vva]|Z1! Z2)= 1 (vi|Z1)+ 1 (V2] Z))



Exercise 8.1 + 8.2

Consider the following DRO problem:

1
minimize sup Ep[max(—=£7Q(x)¢, 2 C¢)], (8.17)
where X := {z € R} | Az < b} for some A € RP*™ and b € R?, Q(z) := >, Qi
with each Q); € R™*™ such that Q; > 0, and C € R"*™ such that each C;; > 0.

Exercise 8.1. Mean-support DRO problem
Derive an explicit finite dimensional representation for the DRO problem (8.17) when

D, :={F|Ppr(f € Z) 2 1, Ep[{] = p},
where Z := {2z e R |Wz < v}, with W € RP*™ v € RP, and 1 € R".

Exercise 8.2. DRO with moment uncertainty
Derive an explicit finite dimensional representation for problem (8.17) when the distri-
bution ambiguity set takes the form:

Do(T) :={F|Pr(§ € Z2) =1, Er[¢] > L, Z]EF[&] —p; <T}.

o Hint: Use Theorem 8.6 and Corollary 8.9



Theorem 8.6. : Let D(Z, u) be a distribution set for which there exists a feasible so-
lution Fy € D(Z, ), the DRO problem presented in (8.3) is equivalent to the following
robust optimization problem:

minimize  sup h(z,z) — 2" q+ u'yq. (8.11)
fCEX,q ZEZ

Moreover, the problem can be reformulated as follows when Z is a conver set and
h(z, z) := maxy hy(z, z) where each hi(x, z) is a concave function of z:

minimize t+ulq
T€X,q,{vK }k:t

subject to ¢ > 0*(vg | Z) — h¥(z, v, +q), VE

where for each k, v, € R™, while 6*(v|Z) is the support function of Z and h*(x,v) is
the partial concave conjugate function of hi(z, z).



Corollary 8.9. : Let D(Z,u) be a distribution set and U € R™ be a bounded and
conver uncertainty set for the moment vector u. Given that for all u € U, there exists

an F € D(Z,u), the DRO problem presented in (8.14) is equivalent to the following
robust optimization problem:

minimize  sup h(z, z) — 2z q+ 8*(q|U). (8.15a)
rxeX,q 2€Z

Moreover, the problem can be reformulated as follows when Z is a conver set and
h(z, z) := maxy hy(z, z) where each hi(x, z) is a concave function:

minimize ¢+ 0%(q|U)
mexaq’{vk }kat

subject to  t > 6" (v | Z) — hF(z,vx +q), VK ,

where for each k, vy € R™, while 6*(v|Z) is the support function of Z and h*(z,v) is
the partial concave conjugate function of hi(z, 2).



Table 6.1: Table of reformulations for uncertainty sets (Table 1 in [8])

Uncertainty region Z

Support function !’ (v|Z)

Box
Ball
Polyhedral

Cone

KL-Divergence

Geometric prog.

Intersection
Example

Minkowski sum
Example

Convex hull

Example

b# Bz$ 0

b# Bz %C

l YO#

Z|
| Z) In 2

E SO

/ = &iZi

Ze={2Z'z " "k}
k=1,2

Z =27+ aadfa Zg

Z,={z|'z!- " ".}
Zy={z|'z!;" "5}

Z =conv(Zq,...,Zx)
Z,={z|'z!- " ".}

Zo={z||z# 2%," "3}

infw# 0:BTw=v bTW

ian$C! BTw=v b"w

|
' 1] #
Imcu#O,W#O:! cdiwi=v i{Wi In |W|_'u # Wi} +"u
|
. | . | .
In1:{Wi}:' W=V i!'(Wllzi)
inf(wl’wz):wl+wzzv 1! Wl! " + "2! W2! 2
! |
N (vIZi)
AP RV S RV

max; ! | (VlZ,)

max{"- 'v!,(Z)Tv+ "5l v|! ,}




Table 6.2: Table of reformulations for constraint functions (Table 2 in [8])

Constraint function  g(x, ) Partial concave conjugateg (x, V)
near 0 ifv= gx)
.
Hinear in z 27 g(x) " otherwise
Concave Inz, T o LN i
separable inz and x 9(z) X SURsib, = 1y si=v  Xi(G) (8/x5)
Example ! i%(ZTQiZ)Xi SUP sy Do sy ! % " (s') Xcizi' s
Sum of functions . G(X,2) SUPsiyn,, Yogoy (@), s')
Sum of separable " | " |
functions 1 G(X, Zi) =1 (G (X, Vi)
" #on $ %
m Zi m i "y i :
Example - i=a X 21 me N ! me fv# 0

X;>1,0# z# 1

" otherwise




Wasserstein distance based models
(see separate set of slides by D. Kuhn)

(see an example of implementation in
RSOME documentation)



https://xiongpengnus.github.io/rsome/example_dro_nv

