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General robust LP

We assume that the nominal problem is an LP

And that all functions are affine in « z »

In other words, we are left with the following LP-RC
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In this chapter, we assume that the functions that need to be “robustified” are linear functions
of both the decision variables and the vector of parameters. Namely, we investigate the robust
counter part model presented in problem (1.1) and repeated below

(Robust counterpart) maximize
x

min
z2Z

h(x, z)

subject to gj(x, z)  0 , 8 z 2 Z, , 8 j = 1, ..., J .

and assume that the di↵erent functions that compose this model can be expressed as

h(x, z) := c(z)T
x + d(z)

gj(x, z) := aj(z)T
x � bj(z) ,

where x 2 Rn, z 2 Rm, and where each function c(z), d(z), aj(z) and bj(z) is an a�ne
function of z. In other words, it must be possible to describe each of these functions using
the following forms

c(z) := (P0z + p0) & d(z) = q
T
0 z + r0 ,

aj(z) := (Pjz + pj) & bj(z) = q
T
j z + rj ,

for some Pj 2 Rn⇥m, some pj 2 Rn, some qj 2 Rm and some rj 2 R.
The robust counterpart would then take the form:

(LP-RC) maximize
x

min
z2Z

z
T
P

T
0 x + q

T
0 z + p

T
0 x + r0 (2.1a)

subject to z
T
P

T
j x + p

T
j x  q

T
j z + rj , 8 z 2 Z, , 8 j = 1, ..., J . (2.1b)

This model is not amenable to readily available mathematical programming resolution
software as it is not yet described in finite dimensional form. Indeed, each constraint indexed
with i must be checked for all realization of z in Z. Similarly, the objective function is not
expressed in closed form; in order to evaluate it, one must search for the instance of z that
achieves the minimum value.
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NP-hardness for general 
uncertainty sets

• Take the robust counterpart optimization problem 


• Verifying for a fixed « x » whether the following 
claim is true is NP-hard in general, and in particular 
when the uncertain vector contains integer 
variables
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to constitute a “certificate” that x actually satisfies

z
T
x  b � a

T
x , 8 z 2 Z .

This is easily verifiable, since for such a � we have that

z
T
x = z

T
W

T
�  v

T
�  b � a

T
x since Wz  v and � � 0 .

The aspect that is more surprising is that searching through these types of certificates is
su�cient, i.e. if no such � certificate is found than x must be infeasible, in other words “it is
not robust”.

Example 2.5. : Consider the robust optimization problem:

maximize
x

c
T
x

subject to (a + z)T
x  b , 8 z 2 Z ,

where Z follows assumption 2.2. This problem is equivalent to solving

maximize
x,�

c
T
x

subject to a
T
x + v

T
�  b

W
T
� = x

� � 0

In this problem, we are searching for both an x that achieves large objective value, and for
a certificate � that guarantees that x satisfies the robust constraint. Note that this problem
has the same numerical structure as a problem in which we would consider z to be known,
namely a linear program of slightly larger dimension.

In particular, say we are interested in the following “box” uncertainty set:

Z := {z 2 Rn | z̄�  z  z̄
+} ,

then we need to consider that

W =


I

�I

�
, v =


z̄
+

�z̄
�

�
.

Hence, the reformulated problem will look like:

maximize
x,�+,��

c
T
x

subject to a
T
x + z̄

+T
�

+ � z̄
�T

�
�  b

�
+ � �

� = x

�
+ � 0 �

� � 0

This reformulation is implemented using ROME in the Matlab file “SimpleExample.m”.

zTx  b� aTx , 8 z 2 Z , max
z2Z

zTx  b� aTx
<latexit sha1_base64="7IcD4jkiHHwz3sWNhEB1jBhCZFI="></latexit>



Scenario based uncertainty
• Consider the following robust counterpart 

 
 
 
 
with scenario based uncertainty 
 

• Then, one can reduce the problem to 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constraint indexed with i must be checked for all realization of z in Z. Similarly, the
objective function is not expressed in closed form; in order to evaluate it, one must
search for the instance of z that achieves the minimum value.

For simplicity, we will start with a single robust constraint so that we have in hand
a constraint that takes the form:

z
T
P

T
x+ p

T
x  q

T
z + r , 8 z 2 Z

where we dropped the indexed notation for simplicity.
Let’s initially look at the case where P = I, p = a, Q = 0, r = b. This reduces to

(a+ z)Tx  b , 8 z 2 Z , (2.2)

which is perhaps the most famous version of a robust constraint.
The di�culty associated to treating this constraint is now entirely linked to the

structure of Z. Indeed, given a fixed x, we are asked to verify whether or not

9z 2 Z, z
T
x � b � a

T
x

if so then x would be infeasible. For a general uncertainty set Z (and in particular
those that impose that z be integer), this question is known to be NP-complete (see
NP-completeness of integer programming in [25]), meaning that we cannot expect to
tackle problems where the vector of parameters would have a size larger than 10 or 20.
On the other hand, if Z is simply a set of K scenarios for z, namely z 2 {z̄1, z̄2, ..., z̄K},
then this verification is straightforward as shown in the following example.

Example 2.1. : Consider the case where Z := {z̄1, z̄2, ..., z̄K} and we wish to retrieve
a tractable representation of the constraint:

z
T
x  b � a

T
x , 8 z 2 Z .

In this case, one simply need to check each member of Z. Consequently, in this simple
situation, the robust counterpart constraint (2.2) can be reformulated as:

z̄
T
i x  b � a

T
x , 8i = 1, ..., K ,

or similarly

(a+ z̄i)
T
x  b , 8i = 1, ..., K .

Note that in most practical contexts, we are interested in more than a finite set of
scenarios (or if so it would be in a set of scenario of very large size). For this reason,
we will first assume that Z is a bounded polyhedron and later work with convex
uncertainty sets that are defined with a single convex inequality.
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Polyhedral uncertainty
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2.1 Polyhedral Uncertainty

In this section, we consider that uncertainty about the vector of parameters takes the
form of a polyhedral set defined as follows.

Assumption 2.2. : The uncertainty set Z is a non-empty and bounded polyhedron
that can be defined according to

Z := {z 2 Rm
|w

T
i z  vi , 8 i = 1, ..., s} ,

where for each i = 1, ..., s, we have that wi 2 R1⇥m and vi 2 R capture a facet of the
polyhedron through the expression w

T
i z = vi. Moreover, since Z is non-empty, there

must exist a z0 2 Z and since it is bounded there must exist some M > 0 such that
Z = Z \ {z 2 Rm

| � M  z  M}.

Under assumption 2.2, verifying whether a fixed x satisfies constraint (2.2) is equiv-
alent to verifying whether the maximum of the optimal value of the following LP is
smaller or equal to b � a

T
x.

maximize
z

x
T
z (2.3a)

subject to Wz  v (2.3b)

where W = [ w1 . . . ws ]T is the matrix in Rs⇥m which rows are composed of each
wi.

Theorem 2.3. :(LP Duality see Chapter 4 of [16]) Under assumption 2.2, the optimal
value of linear program (2.3) is equal to the optimal value of the following dual problem

minimize
�

v
T
� (2.4a)

subject to W
T
� = x (2.4b)

� � 0 (2.4c)

where � 2 Rs. Moreover, problem (2.4) has a feasible solution.

Proof. Here is how one generally applies duality to replace a maximization problem
with a minimization problem. Let us call  the optimal value of problem (2.3). First,
we will demonstrate how to obtain the dual problem which always achieves a larger
value than  , then we will employ Farkas lemma to guarantee that the two values are
the same, and furthermore that the dual problem is feasibled.

Step #1: Obtaining the dual problem Let’s express a relaxed version of problem
(2.3), where we have moved the constraints to the objective function:

⌥(�) := max
z

x
T
z + �

T (v � Wz) .

w1

v1/w1,1


>

w2

w3

w4
w5

w6

z0

2M



LP reformulation for LP-RC 
with polyhedral set

Verifying whether                                        is equivalent to 
evaluating the optimal value of the following problem
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polyhedron through the expression w

T
i z = vi. Moreover, since Z is non-empty, there must

exist a z0 2 Z and since it is bounded there must exist some M > 0 such that Z = Z \ {z 2
Rm | � M  z  M}.

Under assumption 2.2, verifying whether a fixed x satisfies constraint (2.2) is equivalent
to verifying whether the maximum of the optimal value of the following LP is smaller or
equal to b � a

T
x.

maximize
z

x
T
z (2.3a)

subject to Wz  v (2.3b)

where W = [ w1 . . . ws ]T is the matrix in Rs⇥m which rows are composed of each wi.

Theorem 2.3. :(LP Duality see Chapter 4 of [14]) Under assumption 2.2, the optimal value
of linear program (2.3) is equal to the optimal value of the following dual problem

minimize
�

v
T
� (2.4a)

subject to W
T
� = x (2.4b)

� � 0 (2.4c)

where � 2 Rs.

Proof. Here is how one generally applies duality to replace a maximization problem with
a minimization problem. Let us call  the optimal value of problem (2.3). First, we will
demonstrate how to obtain the dual problem which always achieves a larger value than  ,
then we will employ Slater’s condition to guarantee that the two values are the same.

Step #1: Obtaining the dual problem Let’s express a relaxed version of problem (2.3),
where we have moved the constraints to the objective function:

⌥(�) := max
z

x
T
z + �

T (v � Wz) .

It is important to realize that as long as � � 0 then ⌥(�) >  . This is the case because for
any z that was feasible in problem (2.3) we will have

x
T
z + �

T (v � Wz) � x
T
z ,

since � � 0 and v � Wz � 0 for those z. The problem min��0⌥(�) therefore returns the
lowest upper bound for  . Yet, when studying more carefully the expression associated with
⌥(�), we can observe that

⌥(�) =

⇢
�

T
v if x � W

T
� = 0

1 otherwise
.

The problem min��0⌥(�) therefore reduces to problem (2.4).

8z 2 Z, zTx  b� aTx
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with a minimization problem. Let us call  the optimal value of problem (2.3). First,
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z

x
T
z + �
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( :=)

(⌥⇤ :=)



Weak vs. Strong duality
• Weak duality : 


• Proof of weak duality:


• The challenge of Theorem 2.3 is to prove strong duality 


• Strong duality does not necessarily apply when objective is non-
linear
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  ⌥⇤

<latexit sha1_base64="tayqdHuHh/1JGN6BwR2c4k2Q6zE="></latexit>

 := max
z:Wzv

xT z

= max
z

min
�:��0

xT z + �T (v �Wz)

 min
�:��0

max
z

xT z + �T (v �Wz)

= min
�:��0,x=WT�

vT� = ⌥⇤



Example: box uncertainty

with

•Formulate an equivalent finite dimensional linear program


•Implement this linear program (a.k.a. the reduced form of 
the model) using RSOME (incomplete Colab file)
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to constitute a “certificate” that x actually satisfies

z
T
x  b � a

T
x , 8 z 2 Z .

This is easily verifiable, since for such a � we have that

z
T
x = z

T
W

T
�  v

T
�  b � a

T
x since Wz  v and � � 0 .

The aspect that is more surprising is that searching through these types of certificates is
su�cient, i.e. if no such � certificate is found than x must be infeasible, in other words “it is
not robust”.

Example 2.5. : Consider the robust optimization problem:

maximize
x

c
T
x

subject to (a + z)T
x  b , 8 z 2 Z ,

where Z follows assumption 2.2. This problem is equivalent to solving

maximize
x,�

c
T
x

subject to a
T
x + v

T
�  b

W
T
� = x

� � 0

In this problem, we are searching for both an x that achieves large objective value, and for
a certificate � that guarantees that x satisfies the robust constraint. Note that this problem
has the same numerical structure as a problem in which we would consider z to be known,
namely a linear program of slightly larger dimension.

In particular, say we are interested in the following “box” uncertainty set:

Z := {z 2 Rn | z̄�  z  z̄
+} ,

then we need to consider that

W =


I

�I

�
, v =


z̄
+

�z̄
�

�
.

Hence, the reformulated problem will look like:

maximize
x,�+,��

c
T
x

subject to a
T
x + z̄

+T
�

+ � z̄
�T

�
�  b

�
+ � �

� = x

�
+ � 0 �

� � 0

This reformulation is implemented using ROME in the Matlab file “SimpleExample.m”.

<latexit sha1_base64="2IhlL/JXfJyxdsnjqL3a45fcYGY=">AAACJnicbVBLSwMxGMz6rPVV9eglWAQvll3xhVAoevFYxT6wu5Zsmm1Ds9k1yQrtur/Gi3/Fi4eKiDd/ium2grYOhAwz30cy44aMSmWan8bM7Nz8wmJmKbu8srq2ntvYrMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4M/doDEZIG/Eb1QuL4qM2pRzFSWmrmiraPVAcjFt8mZ0U77tuUp5LrxtfJHX/ctztIxf3EZuQe9mF6/UhJM5c3C2YKOE2sMcmDMcrN3MBuBTjyCVeYISkblhkqJ0ZCUcxIkrUjSUKEu6hNGppy5BPpxGnMBO5qpQW9QOjDFUzV3xsx8qXs+a6eHCaQk95Q/M9rRMo7dWLKw0gRjkcPeRGDKoDDzmCLCoIV62mCsKD6rxB3kEBY6WazugRrMvI0qR4UrOPC0dVhvnQ+riMDtsEO2AMWOAElcAnKoAIweAIvYADejGfj1Xg3PkajM8Z4Zwv8gfH1DbNDpyg=</latexit>

Z := {z 2 Rn|� ẑ  z  ẑ}

https://colab.research.google.com/drive/1Q0v0-kZn2GrIf0OFfLdDykEL2RlIluhl?usp=sharing


Implementation in RSOME

(see complete Colab file)

• Robust counterpart: • Reduced form: 

https://colab.research.google.com/drive/1hcv0wBjFBtFgwYE9TjfpVaKhHwLQyWZv?usp=sharing


Example: box uncertainty 
(reformulation #2)

with
•Formulate an equivalent finite dimensional linear program 

using the equivalent uncertainty set definition:
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to constitute a “certificate” that x actually satisfies

z
T
x  b � a

T
x , 8 z 2 Z .

This is easily verifiable, since for such a � we have that

z
T
x = z

T
W

T
�  v

T
�  b � a

T
x since Wz  v and � � 0 .

The aspect that is more surprising is that searching through these types of certificates is
su�cient, i.e. if no such � certificate is found than x must be infeasible, in other words “it is
not robust”.

Example 2.5. : Consider the robust optimization problem:

maximize
x

c
T
x

subject to (a + z)T
x  b , 8 z 2 Z ,

where Z follows assumption 2.2. This problem is equivalent to solving

maximize
x,�

c
T
x

subject to a
T
x + v

T
�  b

W
T
� = x

� � 0

In this problem, we are searching for both an x that achieves large objective value, and for
a certificate � that guarantees that x satisfies the robust constraint. Note that this problem
has the same numerical structure as a problem in which we would consider z to be known,
namely a linear program of slightly larger dimension.

In particular, say we are interested in the following “box” uncertainty set:

Z := {z 2 Rn | z̄�  z  z̄
+} ,

then we need to consider that

W =


I

�I

�
, v =


z̄
+

�z̄
�

�
.

Hence, the reformulated problem will look like:

maximize
x,�+,��

c
T
x

subject to a
T
x + z̄

+T
�

+ � z̄
�T

�
�  b

�
+ � �

� = x

�
+ � 0 �

� � 0

This reformulation is implemented using ROME in the Matlab file “SimpleExample.m”.

<latexit sha1_base64="MZTfR4ZmFSwF6nwz814g99efuq8="></latexit>

Z =

8
<

:z 2 Rn

������
9�+Rn,��Rn,

�+ � 0,�� � 0,
z = �+ ���,
�+ +��  ẑ

9
=

;

<latexit sha1_base64="2IhlL/JXfJyxdsnjqL3a45fcYGY=">AAACJnicbVBLSwMxGMz6rPVV9eglWAQvll3xhVAoevFYxT6wu5Zsmm1Ds9k1yQrtur/Gi3/Fi4eKiDd/ium2grYOhAwz30cy44aMSmWan8bM7Nz8wmJmKbu8srq2ntvYrMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4M/doDEZIG/Eb1QuL4qM2pRzFSWmrmiraPVAcjFt8mZ0U77tuUp5LrxtfJHX/ctztIxf3EZuQe9mF6/UhJM5c3C2YKOE2sMcmDMcrN3MBuBTjyCVeYISkblhkqJ0ZCUcxIkrUjSUKEu6hNGppy5BPpxGnMBO5qpQW9QOjDFUzV3xsx8qXs+a6eHCaQk95Q/M9rRMo7dWLKw0gRjkcPeRGDKoDDzmCLCoIV62mCsKD6rxB3kEBY6WazugRrMvI0qR4UrOPC0dVhvnQ+riMDtsEO2AMWOAElcAnKoAIweAIvYADejGfj1Xg3PkajM8Z4Zwv8gfH1DbNDpyg=</latexit>

Z := {z 2 Rn|� ẑ  z  ẑ}



Equivalent LP reformulation 
for LP-RC
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Theorem 2.7. : The LP-RC problem, with a polyhedral Z described through Wz  v (as in
assumption 2.2), is equivalent to the following linear program

maximize
x,{�(j)}Jj=0

p
T
0 x + r0 � v

T
�

(0)

subject to W
T
�

(0) = �P
T
0 x � q0

p
T
j x + v

T
�

(j)  rj , 8 j = 1, . . . , J

W
T
�

(j) = P
T
j x � qj , 8 j = 1, . . . , J

�
(j) � 0 , 8 j = 0, . . . , J

where �
(j) 2 Rs are additional certificates that need to be optimized jointly with x.

2.2 General Uncertainty Sets

We now extend our discussion to the question of identifying tractable reformulation to prob-
lems that involve general convex uncertainty sets. To do so, for simplicity we look again at
the special case of example 2.5 with an uncertainty set now defined as follows.

Assumption 2.8. : The uncertainty set Z is a bounded convex set defined by

Z := {z 2 Rm | f(z)  0 , Wz  v} ,

for some convex function f(z). Moreover, there exists a realization z0 2 Z that satisfies the
nonlinear constraint strictly, namely f(z0) < 0.

When we focus on the robust constraint we seek a way of validating for a fixed x the fact
that the optimal value  of the following optimization problem is smaller or equal to b�a

T
x:

 := max
z

x
T
z (2.6a)

subject to f(z)  0 (2.6b)

Wz  v . (2.6c)

Traditionally, in this case the dual problem is assembled based on Lagrangian duality (see
Chapter 5 of [15]), which states that the optimal value of the problem above is equal to

 = max
z

min
��0,��0

L(z, �, �) := x
T
z � �f(z) + �

T (v � Wz) .

The intuition behind this “constraint-free” reformulation is that for any fixed z, if z does not
satisfy a constraint then the internal minimization problem can simply apply an arbitrarily
large penalty through � or � so that L(z, �, �) reaches �1, which is considered equivalent
to being infeasible.

As was the case for linear program, the optimal value of problem (2.6) or equivalently of
the max min L(z, �, �) is bounded above by

⌥⇤ := min
��0,��0

max
z

x
T
z � �f(z) + �

T (v � Wz) �  .



SOCP reformulation for LP-RC 
with ellipsoidal uncertainty

Verifying whether                                            with 
 
       
 
and              is equivalent to evaluating the optimal value of the 
following problem


One can demonstrate using Cauchy-Schwartz inequality  
 
 
that this is equivalent to


8z 2 Z, zTx  b� aTx
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To complete the tractable reformulation of the robust counterpart problem presented in
example 2.5

maximize
x,�,�

c
T
x (2.8a)

subject to v
T
� + f

⇤
p (x � W

T
�, �)  b � a

T
x (2.8b)

� � 0, � � 0 (2.8c)

Note that to consider the optimization model above tractable, one needs to have an analytical
expression that evaluates f

⇤
p (y, �).

We generalize this “tractable” reformulation to the the general LP-RC model in the
following theorem.

Theorem 2.10. : The LP-RC problem with an uncertainty set Z that satisfies assumption
2.8 is equivalent to the following linear program

maximize
x,{�(j)}Jj=0,{�(j)}Jj=0

p
T
0 x + r0 � v

T
�

(0) � f
⇤
p (�P

T
0 x � q0 � W

T
�

(0)
, �

(0)) (2.9a)

subject to v
T
�

(j) + f
⇤
p (P T

j x + qj � W
T
�

(j)
, �

(j)) + p
T
j x + rj  0 , 8 j = 1, . . . , J(2.9b)

�
(j) � 0 , 8 j = 0, . . . , J (2.9c)

�
(j) � 0 , 8 j = 0, . . . , J (2.9d)

(2.9e)

where �
(j) 2 R and �

(j) 2 Rs are additional certificates that need to be optimized jointly with
x.

2.2.1 Example: Ellipsoidal Uncertainty

Let us assume that one is interested in the robust counterpart of example 2.5 with Z taking
the following shape:

Z := {z 2 Rm | zT ⌃�1
z  1}

with ⌃ 2 Rm⇥m such that ⌃ � 0, meaning that it is a positive definite matrix.
We are interested in identifying a tractable form for the reformulation presented in equa-

tion (2.8) in the specific context where f(z) := z
T ⌃�1

z � 1, W = 0, and v = 0. Namely, we
need to simplify the problem:

maximize
x,�

c
T
x

subject to f
⇤
p (x, �)  b � a

T
x

� � 0

To do so, one needs to identify an analytical expression that evaluates f
⇤
p (y, �). this can

be done by identifying a closed form solution of the problem

f
⇤
p (y, �) := max

z
y

T
z � �(zT ⌃�1

z � 1) .

aT b  kak2kbk2

 = �
p
xT⌃x = �k⌃1/2xk2

<latexit sha1_base64="XCyL2Nm7O3ckZVUriZP8HRDOOL8="></latexit>

 := max
z:zT⌃�1z�2

xT z
<latexit sha1_base64="JOnFjNVxK30DR+UCf/96bTkjet4="></latexit>

Z := {z 2 Rm|zT⌃�1z  �2}
<latexit sha1_base64="qNeHgIsMOE2yBp/i2a81FjUh4ZY="></latexit>



SOCP reformulation for LP-RC with 
polyhedral set ellipsoidal uncertainty

Theorem. The LP-RC problem, with ellipsoidal set Z described is
equivalent to the following second order cone program

maximize
x

pT0 x+ r0 � �k⌃1/2(PT
0 x+ q0)k2

subject to pTj x+ �k⌃1/2(PT
j x� qj)k2  rj , 8 j = 1, . . . , J .

<latexit sha1_base64="aen9lw3IvnzH/Z6FbgrmN0mAxo0="></latexit>


